Fill Ups of Circle

Q.1. If A and B are points in the plane such that PA/PB = k (constant) for all P on
a given circle, then the value of k cannot be equal to ..................... (1982 - 2 Marks)
Ans. 1

Sol. As P lies on a circle and A and B two points in the plane

PA_

such that k

Then k can be any real number except 1 as otherwise P will lie on perpendicular bisector
of AB which is a line.

Q.2. The points of intersection of the line 4x — 3y — 10 = 0 and the circle x* + y? — 2x
+4y—-20=0are ......cevvven..e. and ..o (1983 - 2 Marks)

Ans. (4, 2), (-2, -6)
Sol. For point of intersection of line 4x —3y —10=0 ... (1)
and circle x> +y?—2x +4y -20=10... (2)

Solving (1) and (2), we get

2 ’
[3}:—10] i y? _2[3_};—1“] +dy-20=0

=t-jr2+4y—12=0 =y=2,-0

=>X=4,— 2

-~ Points are (4, 2) and (- 2, — 6)

Q.3. The lines 3x -4y + 4 =0and 6x — 8y — 7 = 0 are tangents to the same circle.
The radius of this circle is ..................... (1984 - 2 Marks)

Ans. 3/4

Sol. Let 3x — 4y + 4 = 0 be the tangent at point A and 6x — 8y — 7 = 0 be the tangent of
point B of the circle.
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As the two tangents parallel to each other
=~ AB should be the diameter of circle.

~ AB = distance between parallel lines
3x -4y +4=0and

6Xx — 8y — 7 = 0 = distance between

6x—-8y+8=0and 6x-8y—-7=0

_| 8+7 ‘_E_E
JiG+64 | 10 2

; ) 1 3
-~ radius of circle = E(AB}I:E

Q.4. Let x? + y>— 4x — 2y — 11 = 0 be a circle. A pair of tangents from the point (4,
5) with a pair of radii form a quadrilateral of area .................... (1985 - 2 Marks)

Ans. 8 sg. units
Sol. KEY CONCEPT :

Length of tangent from a point (x1, y1) to a circle x? + y? + 2gx + 2fy + ¢ = 0 is given by

-Jxl2 +y=12 +2gq + 2y +c

)

The equation of circle is, X2 + Vo —4Xx—2y—11=0
It's centre is (2, 1), radius = - J351+11 =4=BC
D

A
#.5)

length of tangent from the pt. (4, 5) is

=J16+25-16-10-11=+/4 =2=4B
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~ Area of quad. ABCD

= 2 (Area of AABC) =2x%xABxBC

=2x%x2x4 = 8 sq. units.
Q.5. From the origin chords are drawn to the circle (x — 1) + y> = 1. The equation
of the locus of the mid-points of these chords is ..................... (1985 - 2 Marks)
Ans. x> +y?>—x=0

Sol. The equation of given circle is (x —1)2 +y? =1
orx?+y?-2x=0...(1)

KEY CONCEPT : We know that equation of chord of curve S = 0, whose mid point is
(X1, y1) is given by T = S; where T is tangent to curve S = 0 at (X1, y1).

~ If (X1, y1) is the mid point of chord of given circle (1), then equation of chord is
2 2
g+ —(x+x)=9+MN —2x
= l[Jfl—1]|J:+_1,=1;u+x1—Jrl2 —ylz =0

At it passes through origin, we get

X -3 ) =00 X +)f —% =0
locus of (x;. y,)isx? +)2 —x=0

Q.6. The equation of the line passing through the points of intersection of the
circles 3x? + 3y? —2x+ 12y —9=0and x®+ y?+ 6X+ 2y = 15=01iS ...c.c0evrvrrrrnen.
(1986 - 2 Marks)

Ans. 10x-3y—-18=0

Sol. The equation of two circles are
, 2
.1'2+y —3r+4y—3=ﬂl .. (1)

and x° —}'2 +6x+ 2y —15=0 ... (2)
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Now we know eq. of common chord of two circles
S;=0and S, =0is§; -S, =0

2
= ﬁx+3x+2_v—4y—15+3=0

= m;—K—Zy—12=ﬂ = 10x—3v—18=0

Q.7. From the point A(0, 3) on the circle x> + 4x + (y — 3)> =0, a chord AB is drawn
and extended to a point M such that AM = 2AB. The equation of the locus of M is
.................. (1986 - 2 Marks)

Ans.

Sol. The equation of circle is, x> +y? + 4x — 6y +9 =0 ... (1)

A N =
(0.3) 0B
AM = 2AB
= AB =BM

Let the co-ordinates of M be (h, k) Then B is mid pt of AM

B{{H}: 3+k]=(ﬁ k+3']
27 2 272

As B lies on circle (1),
(0157 )
=h®+k*+8h-6k+g=0

- locus of (h, k) is, x° + }:2 +8x—-6y+9=0

Q.8. The area of the triangle formed by the tangents from the point (4, 3) to the the
circle x2 + y2 = 9 and the line joining their points of contact is .................... (1987 -
2 Marks)
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Ans. 192/25

Sol. From P (4, 3) two tangents PT and PT' are drawn to the circle x2 + y? = 9 with O (0,
0) as centre and r = 3.

To find the area of APTT".

e T&\
@ "

Let R be the point of intersection of OP and TT".
Then we can prove by simple geometry that OP is perpendicular bisector of TT".

Equation of chord of contact TT" is 4x + 3y = 9 Now, OR = length of the
perpendicular from O to TT'is

9

5

4x0+3=x0-9

42 +43?

OT = radius of circle = 3

TR=+OT?-0R? = ﬂg—% =%

Again OP = ,J(q__{}f +(3-0)7 =5
~PR=0OP-OR= 5-2-19
5 5

Area of the triangle

PTT =PRxTR_16,12_192
5 5 25
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Q.9. If the circle C1 : x?+ y? = 16 intersects anoth er circle C; of radius 5 in such a
manner that common chord is of maximum length and has a slope equal to 3/4,
then the coordinates of the centre of Coare ........cccceenee. (1988 - 2 Marks)

Ans.

Sol. We have C; : x2+ y? = 16, Centre Oz (0, 0) radius = 4. C; is another circle with
radius 5, let its centre O be (h, k).

Now the common chord of circles Ciand Czis of maximum length when chord is
diameter of smaller circle Cy, and then it passes through centre O; of circle C1. Given that
slope of this chord is 3/4.

=~ Equation of AB is,
y=ix::>3:r—4}'=ﬂ .. (1)
In right AAO;Og
0,0,= 5% —4* =3
Also p,0, -1 distance from (h, k) to (1)

3h—4k

V32142

=sh-4k+t15=0..(2)

_3h-4k
5

= +3

= 3=

ABJ.O[O) = Myp xmﬂlﬂz =-1

= %x% — 1= 4h+3k=0 ... (3)

Solving, 3h—4k +15=0and 4h + 3k =0

We get h =-9/5, k =12/5
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Again solving 3h —4k —15=0and 4h + 3k =0

We get h =9/5, k =-12/5

Thus the required centre is (? %] M@_Tu]

Q.10. The area of the triangle formed by the positive x-axis and the normal and
2 2
the tangent to the circle X~ + ¥ =4at a3 js ... (1989 - 2 Marks)

Ans.

Sol. Tangent at P (1, 3) to the circlex® + y° = 4 isx.1+v.§ = 4

el
~
P(1+3)
0 » 1
(0, o A E‘tﬂ)

It meets x-axis at A (4, 0),
+ OA = 4 Also OP = radius of circle = 2 - pg_+Ja2_22 _ 12

- Area of AOPA :=%XGPXPA=%XZKE

=243 sq. units
Q.11. If a circle passes through the points of intersection of the coordinate axes
with the lines Ax —y + 1 =0 and X — 2y + 3 = 0, then the value of A= ..................
(1991 - 2 Marks)
Q.11. If a circle passes through the points of intersection of the coordinate axes
with the lines Ax —y + 1 = 0 and X — 2y + 3 =0, then the value of L= ...................
(1991 - 2 Marks)

Ans. 2
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Sol. The given linesare Ix—y + 1 =0 and x — 2y + 3 = 0 which meet x-axis at
L

A{—h,q] and B (- 3, 0)

And

y-axis at C (0, 1) and D [ﬂ%] respectively..

Then we must have, OA x OB = OC x OD
¥

j)
C
a

m

1 3
= [—?LJ{—3}=1><2 = A=12

Q.12. The equation of the locus of the mid-points of the circle 4x? + 4y? — 12x + 4y
+ 1 =0 that subtend an angle of 27t/ 3 at its centre is .......ccccceeeueeen. (1993 - 2 Marks)

Ans. 16x? + 16y® — 48x + 16y + 31 =0

Sol. The given circle is, 4x?>+ 4y? - 12x + 4y +1=0
or x*+)*-3x+ }'+l=ﬂ'n-"ith centre [E —1]
4 27 2

and ,_ 2,1 1_3
474 4 2

Let M (h, k) be the mid pt. of the chord AB of the given circle, then CM L AB. «
ACB = 120°.

In AACM,
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ZACM = %LACB= 60"

and £A = 30°

sind = %
AC
3072 V=372 + (k+1/2)?

3/2

= (-3 <)
= 16h? + 16k~ — 48h + 16k +31=0

~ locus of (h, k) is 16x°~ + 11515,'2 —48x+16v+31=0

Q.13. The intercept on the line y = x by the circle x? + y>— 2x = 0 is AB. Equation of
the circle with AB as a diameter is ..................... (1996 - 1 Mark)

Ans. X2 +y?—x-y=0

Sol. Equation of any circle passin g through the point of intersection of x2 + y> - 2x =0
and y

=Xisx?+y?-2x+1(y-x)=0
orx+y>—(2+Dx+1ly=0

. 240 A
Its centre is [T?]

For AB to be the diameter of the required circle, the centre must lie on AB. That is,

244 A
A A -
2 =

Thus, equation of required circle isx? +y? —2x —y+x=00rx?+y?-x-y =0
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Q.14. For each natural number k, let Cx denote the circle with radius k
centimetres and centre at the origin. On the circle Ck, a-particle moves k
centimetres in the counter-clockwise direction. After completing its motion on Ck,
the particle moves to Ck+1 in the radial direction. The motion of the particle
continues in this manner. The particle starts at (1, 0).

If the particle crosses the positive direction of the x-axis for the first time on the
circle Cathenn=.......ccceennes (1997 - 2 Marks)

Ans. 7

The radius of circle C1is 1 cm, C, is 2 cm and soon.

It starts from A (1, 0) on C1, moves a distance of 1 cm on C; to come to By. The
angle subtended by A:B:at the centre

: 1 : : :
will be ==#6radians, i.e. 1 radian.
r

From B1 it moves along radius, OB: and comes to A on circle C» of radius 2. From
A it moves on C;a distance 2 cm and comes to B». The angle subtended by A2B: is
again as before 1 radian. The total angle subtended at the centre is 2 radians. The

process continues. In order to cross the x-axis again it must describe 2p radians

Z.E =67

e 7 radians.
Hence it must be moving on circle C;

~h=7
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Q.15. The chords of contact of the pair of tangents drawn from each point on the
line 2x+y =4 to circle x2+y2 = 1 pass through the point ..................... (1997 - 2
Marks)

Ans.

Sol. Let (h, K) be any point on the given line

~ 2h + k =4 and chord of contactishx+ky =lorhx+ (4 -2h)y=1
or(d4y-1)+h(x-2y)=0

P +1Q = 0.t passes through the intersection of P = 0 and

0=0ie [%i]
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True False of Circle

Q.1. No tangent can be drawn from the point (5/2, 1) to the circumcircle of the

triangle with vertices (1 ¥3) (1= ¥8) s (3:-V3) (1085 - 1 Mark)

Ans. T

Sol. The circle passes through the points 4(L+3).B(L—/3) and ¢ (3,—3)

o

Here line AB is parallel to y-axis and BC is parallel to x-axis, there #ZABC = go
~ AC is a diameter of circle.
-~ Eq. of circle is

(x—1) (x=3) + -VBp+HB)=0
=X2+Vv2—4x=0..(1)
Let us check the position of pt (5/2, 1) with. respect to the circle (1),

we get § = iﬁ +1-10<0

- Point lies inside the circle.
~. No tangent can be drawn to the given circle from point (5/2, 1).

~. (Given statement is true.

Q.2. The line x + 3y = 0 is a diameter of the circle x> + y> —6x + 2y = 0. (1989 - 1
Mark)

Ans. T

Sol. The centre of the circle x? + y> —6x + 2y =0 is (3, — 1)
which lies on the line x + 3y =0

~ The statement is true.
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Subjective questions of Circle

Q.1. Find the equation of the circle whose radius is 5 and which touches the circle
X2+ y? — 2x — 4y — 20 = 0 at the point (5, 5). (1978)

Ans. x> +y? - 18x - 16y + 120 =0
Sol. The given circle is

x2 +y? — 2x — 4y — 20 = 0 whose centre is (1, 2) and radius = 5 Radius of required circle
is also 5.

Let its centre be C2 (a, B). Both the circles touch each other at P (5, 5).

It is clear from figure that P (5, 5) is the mid-point of C;Co».

Therefore, we should have

1;0::5 and 2;ﬂ=5 —a=0andp =8

~. Centre of requir ed cir cle is (9, 8) and equation of required circle is
(x-9)%+(y-8)%=5°
=xZ +v- — 18x — 16v + 120 = 0

Q.2. Let A be the centre of the circle x*> + y>— 2x — 4y — 20 = 0.

Suppose that the tangents at the points B(1, 7) and D(4. —2) on the circle meet at
the point C. Find the area of the quadrilateral ABCD. (1981 - 4 Marks)

Ans. 75 s@. units
Sol. The eq. of circle is

X2 +y?-2x—-4y—-20=0
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Centre (1, 2), radius =f1+4+20=5

Using eq. of tangent at (X1, y1) of

X2+ y2+2gx; +2fy; +c=0is
Xxp+yyi1+g(X+x)f(y+y)+c=0

Eqg. of tangentat (1, 7)isx.1+y.7-(x+1)-2(y+7)-20=0
=y—-7=0... (1) Similarly eq. of tangent at (4, — 2) is

B(1.7)

=

D(4.-2)

4x -2y —(x+4)-2(y-2)-20=0
= 3Xx—-4y-20=0... (2)

For pt C, solving (1) and (2),
wegetx=16,y=7 .~ C(16,7).

Now, clearly ar (quad ABCD) =2 Ar (1t AABC)

= Ex%xABxEC=ABxEC

where AB = radius of circle = 5 and BC = length of tangent from C to circle

— 162 +72 =32-28-20 = /225 =15

~ ar (quad ABCD) = 5 x 15 = 75 sq. units.

Q.3. Find the equations of the circle passing through (-4, 3) and touching the
linesx+y=2and x-y =2. (1982 - 3 Marks)
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As centre lies on « bisector of given equations (lines) which are the lines y = 0 and x
= 2.

=~ Centre lies on x axis or X = 2.
But as it passes through (- 4, 3), i.e., Il quadrant.

=~ Centre must lie on x-axis Let it be (a, 0) then distance between (a, 0) and (- 4, 3) is
= length of 1 '*distance from (a, 0)tox+y —-2=0

=(a+4)?+(0-3)°= [“E]z

=2%+20a+46=0 = a=—10++54

-~ Equation of circle is
= [x+(10+454 JP+)P=[-(10 /54 ) +4]2 +32
= x2+)2+2 (10454 )x+8 (10+4/54)-25=0

= 2+ +2(10+4/54)x+55= /54 =0.

Q.4. Through a fixed point (h, k) secants are drawn to the circle x? + y? = r%. Show
that the locus of the mid-points of the secants intercepted by the circle is x2 + y? =
hx + ky. (1983 - 5 Marks)

Ans. Sol. Equation of chord whose mid point is given is

Tzsl
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€(0.0)

PhE) ANMEy) /B
[Consider (X1, y1) be mid pt. of AB]
= XX1 + YY1 — 12 = X2 + y,2-r2
As it passes through (h, k),
o hxy + Ky = xi2 +yi2
=~ locus of (1, y1) is, X2 + y? = hx + ky
Q.5. The abscissa of the two points A and B are the roots of the equation x? + 2ax —
b?= 0 and their ordinates are the roots of the equation x? + 2px — g* = 0. Find the
equation and the radius of the circle with AB as diameter. (1984 - 4 Marks)
Ans.
Sol. Letthe two points be A = (a1, B1) and B = (a2, B2)
Thus o1, o are roots of x? +2o0x —hb?=0
ot o=—2a... (1)
oro2 =—P2...(2)
B1, B2 are roots of x? + 2px —q*>=10
S PrtP2=—2p...(3)
Bif2=—-q2 ... (4)
Now equation of circle with AB as diameter is (X — 1) (X —o2) + (Y — B1) (Y —B2) =0
= X*— (o1 + 02)x + azoz + Y= (B + B2)y + B1f2=0

= X2 +20x — B2+ y? + 2py — g% = 0 [Using eq. (1), (2), (3) and (4)]
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= x2+y?+20x +2py—b*-q?=0

Which is the equation of required circle, with its centre (—a, — p) and radius
a* +p2 +b° +g2

Q.6. Lines 5x + 12y — 10 = 0 and 5x — 12y — 40 = 0 touch a circle C; of diameter 6. If
the centre of C; lies in the first quadrant, find the equation of the circle C; which is
concentric with Cyand cuts intercepts of length 8 on these lines. (1986 - 5 Marks)
Ans. Sol. Let equation of tangent PAB be 5x + 12y — 10 =0 and that of

PXY be 5x — 12y -40=0

Now let centre of circles C1 and Cz be C (h, k).

Let CM L PAB then CM = radius of C1 =3

Also C, makes an intercept of length 8 units on PAB = AM =4

Then in AAMC, we get

AC=V4+3 =5

-~ Radius of C5 is = 5 units
Also, as5x + 12v—10=0 ... (1)

and 5% — 12y — 40 = 0 ... (2)

are tangents to Ci, length of perpendicular from C to AB = 3 units
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5h+12k-10
We get +T=i3

=5h+12k-49=0...(i)
orsh + 12k + 20 = 0 ... (ii)

5h—12k—40
Similatty, ——— > =+3

= 5h—-12k-79=0 ... (iii)

or5h—12k—1=0 ... (iv)

As C lies in first quadrant

~h, k are + ve

=~ Eq. (ii) is not possible.

Solving (i) and (iii), we get h = 64/5, k = — 5/4

This is also not possible.

Now solving (i) and (iv), we geth =5, k = 2.

Thus centre for Czis (5, 2) and radius 5.

Hence, equation of Cz is (x —5)?+ (y — 2)2 =52

> X +y?-10x -4y +4=0

Q.7. Let agiven line L1 intersects the x and y axes at P and Q, respectively. Let
another line L, perpendicular to L1, cut the x and y axes at R and S, respectively.
Show that the locus of the point of intersection of the lines PS and QR is a circle
passing through the origin. (1987 - 3 Marks)

Ans.

Sol. Let the equation of L1 be x cosa +y sin a = p1

Then any line perpendicular to Ly is x sina —y cosa = p2, where p2 is a variable.
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Then L1 meets x-axis at P (p1 seca, 0) and y-axis at Q (0, p1 coseca).

Similarly L> meets x-axis at R (p2 coseca, 0) and y-axis at S (0, — p2 seca).

e

734

Now equation of PS is,

x Y 4 =X
mseco —posecol ¥4

= SECOL

3 =

Similarly, equation of QR is,

= X + Y =1

[HCOSEC O P)CDSEC O

= i+£=c{ﬂﬂ:{1 (2}

B

()

Locus of point of intersection of PS and QR can be obtained by eliminating the

variable p, from (1) and (2)

. X x y
1.2, L——sma)—+—=cmecu
o) |

[Substituting the value of i from (1) in (2)]

= (x — py seca) X + y= = pyv coseca
2

=x" + }-‘2 — p1 X seca — pyV coseca =

which is a circle through origin.
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Q.8. The circle x? + y?> — 4x— 4y + 4 = Q is inscribed in a triangle which has two of its
sides along the co-ordinate axes. The locus of the circumcentre of the triangle is x
+y—xy + k(x?+ y?)2 = 0. Find k. (1987 - 4 Marks)

Ans. Sol. The given circle is x? + y? —4x — 4y + 4 = 0.
This can be re-written as (x —2)? + (y - 2)2 =4
which has centre C (2, 2) and radius 2.

Let the eq. of third side AB of AOAB is§+% =1such that

A(a,0)and B (0, b)

Ya
B(0.5)

e

O~ —~A(@0) *

Length of perpendicular form (2, 2) on AB = radius =CM = 2

22 ‘
+E=_1
4 )

Since (2, 2) and origin lie on same side of AB

(243
- —+--1
a b
1+1
a'2 ?.12

2 2 ||1 1
—+——1=-2 -+ ... (1
= {I+ﬁ HE +52 l: }

Since #AOB = m/2.

=2

Hence, AB is the diameter of the circle passing through AOAB, mid point of AB is
the centre of the circle i.e. (a/2, b/2)
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Let centre be (h, k) 5[3,9
then a = 2h, b = 2k.
Substituting the values of a and b in (1), we get

2 2 1 1

= _ ——
2h 2k 4 4E?

1 1 1 1
= +o—1=- + : _ 2 r
P 1’h1 3 = ke ik =0

-~ Locus of M (h, k) is,

Xx+y—xy+ +,||_r2 +y2 =0 (2)

Comparing it with given equation of locus of circumcentre of A i.e.

x+y—x}'+kq,||r2 +y2 ~0...(3)
Weget, k=1

'{mr-, L\hmf.‘ﬁﬂ, i=1,2,3,4 . . .
Q.9.1If i are four distinct points on a circle, then
show that mimamsms = 1 (1989 - 2 Marks)

Ans. Sol. Given that {mj,i],mi} 0,1=1, 2,3, 4 are four distinct points on a circle.
e

: . 2
Let the equation of circle be x* + y% + 2gx + 2fy + ¢ = 0

W

As the point [m,_;] lies on it, therefore, we have

2,1 2f
2 =0
m +m2+ gm+=— -+C

>mt+2gm*+cm? +2fm+1=0

Since m1, mz, ms, M4 are roots of this equation, therefore product of roots = 1

= mimomsms =1
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Q.10. A circle touches the line y = x at a point P such th at %= 42 where O is the
origin. The circle contains the point (- 10, 2) in its interior and the length of its

chordon thelinex+y=0is 6v2 . Determine the equation of the circle. (1990 - 5
Marks)

Ans. x> +y?+18x -2y +32=0

Sol. Let AB be the length of ch ord intercepted by circleony + x =0

Let CM be perpendicular to AB from centre C (h, k).

Alsoyv — x = 0 and v + X = 0 are perpendicular to each other.
~. OPCM is rectangle.

~CM=0P =43

Let r be the radius of cirlce.

Also AM= ;AB = ; x 642 =342

- In ACAM, AC* = AM® + MC?

= 72=0G2Y+(@2)? = P=(542)

= r=3542
Again y = x is tangent to the circle at P
~CP=r

h-Fk
=52 =h—k=x10 (1
N (1)
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Also CM = 42

h+k

5 —4f2 = h+k==8 .. (2)

Solving four sets of eq’s given by (1) and (2), we get the possible centres as
9,-1),(1,-9),(-1,9,(+-91)

= Possible circles are (x —9)? + (y + 1)2 - 50
=0(x—-1)?+(y+9)?-50

=0 (x+ 1)+ (y—-9)?-50

=0(x+9)?%+(y-1?-50=0

But the pt (- 10, 2) lies inside the circle.

~S1<0

which is satisfied only for (x + 9)> + (y - 1) -50=0

=~ The required eq. of circle is x> + y*+ 18x -2y + 32 =0

Q.11. Two circles, each of radius 5 units, touch each other at (1, 2).
If the equation of their common tangent is 4x + 3y = 10, find the equation of the
circles. (1991 - 4 Marks)

Ans. Sol. Let t be the common tangent given by 4x + 3y =10 ... (1)
Common pt of contact being P (1, 2)

Let A and B be the centres of the circles, required.

Clearly, AB is the line perpendicular to t and passing through P (1, 2).

Al
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Therefore eq. of AB is

Asslopeof tis=—4/3
r| .. slopeof ABis=3/4=tanf
ccosB=4/5:5m0=3/5

x—1 _1—2_
4/5° 3/5

For pt A, r = — 5and for pt B, r = 5, we get

x-1_y-2_ .. [raﬂiusnf::achcircle ]

4/5  3/5 being 5, 4P = PB =5

= ForptAx=-4+1,y=-3+2

and ForptB x=4+1,v=3+2
~A(-3,-1)B(55).

. Eq.’s of required circles are (x + 3)% + (v+ 1)% = 57

and (x — 5)° + (v — 5)% =52

= r2+y2+6x+2y—15=ﬂ
and x° + 2 —10x-10y+25=0

Q.12. Let a circle be given by 2x(x —a) + y(2y —b) =0, (a # 0, b # 0).
Find the condition on a and b if two chords, each bisected by the x- axis, can be

b
drawn to the circle from [a’i] (1992 - 6 Marks)
Ans. Sol. The givencircleis2x (x—a) +y (2y —b) =0 (a, b #0)
= 2x? + 2y~ 2ax—-by =0 ....(1)

Let us consider the chord of this circle which passes through
b

the pt [H’EJ and whose mid pt. lies on x-axis.

/)B{a,bﬁ)

0
y .0)
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Let (h, 0) be the mid point of the chord, then eq. of chord can be obtained by T = S
ie.,2xh+2v.0—a(x+h)- ;I[}-' +0) = oh? — 2ah

=(2h-a)x- ;}-'+ah—2h2=0

This chord passes through (a, g] therefore

(2h-a)a— +ah-2h2=0

b |
b | T

= 8h?-12ah + (42> + b?) =0

As given in question, two such chords are there, so we should have two real and
distinct values of h from the above quadratic in h, for which

D>0

= (12a)> -4 x8x (4a>+b?) >0

= a% > 2b?

Q.13. Consider a family of circles passing through two fixed points A (3,7) and B
(6, 5). Show that the chords in which the circle x? + y? — 4x — 6y — 3 = 0 cuts the
members of the family are concurrent at a point. Find the coordinate of this
point. (1993 - 5 Marks)

Sol. Let the family of circles, passing through A (3, 7) and B (6, 5), be

X2 +y2+2gx+2fy+c=0

As it passes through (3, 7)

~9+49+6g+ 14f+c=0or6g+ 14f+c+58=0... (1)

As it passes through (6, 5)

~36+25+129g+10f+c=0

12g+10f+c+61=0...(2)
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(2) — (1) gives,

6g—4f+3=0 o g=$

Substituting the value of g in equation (1),
we get4f -3+ 14f+c+58=0

= 18f+55+c=0 = c=-18f-55
Thus the family is

12+y2+[4f3"3) x+2fy—-(18f+55) =0

Members of this family are cut by the circle X2 + y> —4x -6y —3 =0

~ Equation of family of chords of intersection of above two circlesis S1 —S; =0
= [4f3_3+4]x +(2f+6)y—18f+52)=0
which can be written as

4
(3x+6y—352) +f[i x+2y —lﬂ) =0

which represents the family of lines passing through the pt. of intersection of the
lines

3x+6y—-52=0and 4x + 6y —54=0

Solving which we get x =2 and y = 23/3.

Thus the required pt. of intersection is (2, ?]
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Q.14. Find the coordinates of the point at which the circles x* + y? — 4x — 2y = -4
and x? + y? — 12x — 8y = — 36 touch each other. Also find equations common
tangents touching the circles in the distinct points. (1993 - 5 Marks)

Ans. Sol. The given circles are

X2 +y? - 4x -2y =—4and

X2 +y?—-12x -8y =—-36

e, X2+y?—4x-2y+4=0... (1)

x2+y?-12x-8y +36=0... (2)

with centres C1(2, 1) and C> (6, 4) and radii 1 and 4 respectively.

Also C1C2=5Asr; +1r, =C:Co

= Two circles touch each other externally, at P.

Clearly, P divides C{C5 in the ratio 1: 4

. Co-ordinates of P are

{lxﬁ+4x2 1:<4+4x1] [E §]
1+4 7 441 575

Let AB and CD be two common tangents of given circles, meeting each other at T.

Then T divides C:Czexternally in the ratio 1 : 4.

KEY CONCEPT : [As the direct common tangents of two circles pass through a pt.
which divides the line segment joining the centres of two circles externally in the
ratio of their radii.]

1x6—4x=2 1x4—4x1] _[2 ﬂj

Hence,, 7= [ . —
: 1-4 1-4

3:
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Let m be the slope of the tangent, then equation of tangent through (2/3, 0) is
y—ﬂ=m(x—§] = y—-mx+ %m:{}
Now, length of perpendicular from (2, 1), to the above tangent is radius of the circle

1—2m+2m
3

=1

m? =1

=(3-4m)* =9o(m® +1)= 9 — 24m + 16m~ = gm~ + ¢
:»Fmg—Eqm:D:tm:D}%

Thus the equations of the tangents are v = 0 and 7v — 24x + 16 = 0.

Q.15. Find the intervals of values of a for which the line y + x = 0 bisects two
chords drawn from a

(1+42a ,_1“*5"} to the circle 2x* + 2y - 01+ 2a)x—1-v2a)y=0.
2 2 (1996 - 5

point
Marks)

Sol. Let the given point be

@}p)=r1+fa,l_f”} and the equation of the circle

becomes x° + vZ — px — py=0

il +-ﬁa l—ﬂﬂ

\//

Since the chord is bisected by the line x +y =0, its mid-point can be chosen as (k, —
k). Hence the equation of the chord by T = Sy is
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b —ky— Ep(x+k)_ g(}r—k} =k + 5 —pk+ pk
It passes through 4 (. p)
_ P P - 7
kP -5 @+B - (P-R)=2-pk+ Pk

or 3k(p-p)=42+@*+p3H... (1)

2 2
Put p—p=a2.p?-p?-3 ﬂ*i’” ) _ 1*;" . (2)

Hence, from (1) by the help of (2), we get
42 -3 2ak+ %(1+2a'2)={} e (3)

Since, there are two chords which are bisected by x +y = 0, we must have two real
values of k from (3)

~A>0

or18a®?-8(1+2a%)>0

or,a>—-4>0

or,a+2)(@a-2)>0

ra<-2o0r >2

~a€ (—o0,—2)U (2, 0)

ora€e]—oo,2[U]2,00]

Q.16. A circle passes through three points A, B and C with the line segment AC
as its diameter. A line passing through A intersects the chord BC at a point D
inside the circle. If angles DAB and CAB are a and p respectively and the

distance between the point A and the mid point of the line segment DC is d,
prove that the area of the circle is

nd cos” o (1996 - 5 Mark
- 996 - 5 Marks)

cos” a+cos f+2cosccosPeos(f—a)

Sol. Let r be the radius of circle, then AC = 2r Since, AC is the diameter
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LABC=90°

=~ In AABC BC = 2r sinf}, AB = 2r cosf}

Inrt zed AABC BD = AB tana = 2r cosp tana
AD = AB seca = 2r cosp} seca

~ DC = BC — BD = 2r sinf} — 2r cosf} tana
Now since E is the mid point of DC

_DC_ ZrsmB-2drcosptana

DE
2 2

= DE =r sinf — r cosf tana Now in AADC, AE is the median

=2 (AE® + DE®) = AD® + AC*

=2 [d2 - (sinp — cosp tana}g]
= 4r2 cosZbsec® a + 41'2

2 2
:>r2= d° cos o

cos o+ cos” P+ 2cosocosfcos(f—ao)

= Area of circle,

2 nd’ cos’ o

"o cos” oL+ cos” B+ 2cosocospeos(B—ao)
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Q.17. Let C be any circle with centre (0, \2) . Prove that at the most two
rational points can be there on C. (A rational point is a point both of whose
coordinates are rational numbers.) (1997 - 5 Marks)

Sol. Given C is the circle with centre at (0, 2 ) and radius r (say)
then C=x+(-V2)’=r"

= -V =0"-1) = o2
= y=J2xyrt-xr - (1)
The only rational value which y can have is 0.

Suppose the possible value of x for which y is 0 is x1. Certainly — x; will also give the
value of y as 0 (from (1)).

Thus, at the most, there are two rational pts which satisfy the eq" of C.

Q.18. C1 and C; are two concentric circles, the radius of C, being twice that of C1.
From a point P on C,, tangents PA and PB are drawn to Ci. Prove that the
centroid of the triangle PAB lies on C1. (1998 - 8 Marks)

Ans.

Sol. Let P (h, k) be on C»

o h?+ k2 =4r?

Chord of contact of P w.r.t. Cy is hx + ky =r?

It intersects C1, x* + y? = a? in A and B.
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Eliminating v, we get,
(r —ﬁr\'l

)T

o, XE+)-2Phx+r-r =0
o, 42+ (P -k)=0

’h b k
n+5 =F= 5:.1*1+Jr’2 )

If (x, v) be the centroid of APAB, then

3Jc=x1+mr2+,F:=E+.Fi=E
2 2

x= gﬂr h = 2x and similarly k = 2v

Putting in (1) we get ax> + 4}-’2 = 4r°
- Locus is x© + }'2 =12 ie., Cq

Q.19. Let Ty, T be two tangents drawn from (-2, 0) onto the circle C : x> +y? =1
Determine the circles touching C and having T, T2 as their pair of tangents.
Further, find the equations of all possible common tangents to these circles, when

taken two at a time. (1999 - 10 Marks)
Sol. The givencircleis x> +y?=1 ... (1)
Centre O (0, 0) radius =1

Let T1 and T2 be the tangents drawn from (- 2, 0) to the circle (1).

v

Let m be the slope of tangent then equations of tangents are
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y-0=mXx+2)or,mx—-y+2m=0 ... (2)
As it is tangent to circle (1)

length of L lar from (0, 0) to (2) = radius of (1)

2m

m? +1

1o4m®=m+1 =>m —+1/43

. Th e two tangen ts are x +3y+2=0(%)and
x—\B3y+2=0(D)

Now any other circle touching (1)

and Ty, T2 is such that its centre lies on x-axis.

Let (h, 0) be the centre of such circle, then from fig.

OCi=0A+AC;=|h|=1+]|AC,|

But AC: = 1 lar distance of (h, 0) to tangent

h+2
= |h|=1+ T| = |h|-1= h+2
2
Squaring,
W +ah+ 4
hﬂ-2|f;—|+1=%

=>~4h2=8h+4:h2—411+4

'+’=:-3h2=—4h=:~h=—4,-’3

‘=3h®=12h=>h=4

Thus centres of circles are (4, D),[—:,D]

~ Radius of circle with centre (4, 0) is =4 — 1 = 3 and radius of circle with centre

(7)1
37 3 3
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= The two possible circles are (x —4)? +y2=3% ... (3)

o3 -6

Now, common tangents of (1) and (3). Since (1) and (3) are two touching circles they
have three common tangents

T1, T2 and x = 1 (clear from fig.)
Similarly common tangents of (1) and (4) are T,, T2 and x = — 1.

For the circles (3) and (4) there will be four common tangents of which two are direct
common tangents .

XY and x'y' and two are indirect common tangents. Let us find two common
indirect tangents. We know that In two similar A’s C1XN and C,YN

3 _4GVN _ ydivides C,Cs in the ratio g : 1.
13 CN

Clearly N lies on x-axis.

(et ot

Any line through N is
4 -
y=m[x+5] or FMX-—53v+4m=20
If it is tangent to (3) then

20m+4m

J25m? +25

2 2
— Mm=15ym*+1 = 064m~ =25m~ + 25

=3
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2
= 30m"~ = 25 = p=x5/4/30

. Required tangents are

y==x . [x+4).
NECANN

Q.20. Let 2x? + y? - 3xy = 0 be the equation of a pair of tangents drawn from the
origin O to a circle of radius 3 with centre in the first quadrant. If A is one of the
points of contact, find the length of OA. (2001 - 5 Marks)

Ans. Sol. The equation 2x? — 3xy + y? = 0 represents pair of tangents OA and OA.".
Let angle between these to tangents be 26.

332
Then, 2 [2) —2x1
tan 26 =

2+1

2
. 2N —ab
L9} tanf =
[SEE a+b }
2tanf 1 5
—1 tanzﬁ=§:} tan” B+ 0tanB-1=0

=—'ﬁi\||23ﬁ+4 =—3¢Jl_ﬂ

tan &

As B is acute tapp=.10-3

Now we know that line joining the pt through which tangents are drawn to the centre
bisects the angle between the tangents,

~2A0C = £A'OAC =0

In AAOC,
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3
anf= > — oa 3 V1043

.
04 JI0-3 J10+3

04=3(3+ /10).

Q.21. Let C1 and C> be two circles with C; lying inside C1. A circle C lying inside
C; touches C: internally and C» externally.

Identify the locus of the centre of C. (2001 - 5 Marks)

Ans. Sol. Let equation of C1 be x2+ y? =12 and of C be
(X —a)?+ (y—h)?=r2?

X

N

Let centre of C be (h, k) and radius be r, then by the given conditions.

Ji-aP +(&-b)? =r+n, and Jn2+82 =51

= J(h—a}z +|[Ji:—:!.'-}2 +\“II:2 +&2 =n+n

Required locus is

Ja—al+ (=57 +2+)? —n+n.

which represents an ellipse whose foci are at (a, b) and (o, 0).

[ PS + PS' = constant = locus of P is an ellipse with foci at S and §']

Q.22. For the circle x? + y? = r?, find the value of r for which the area enclosed by
the tangents drawn from the point P (6, 8) to the circle and the chord of contact is
maximum. (2003 - 2 Marks)

Ans.
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Sol. The given circle is x? + y? =2

From pt. (6, 8) tangents are drawn to this circle.

Then length of tangent

PL=\/6? +82 42 = J100_ 12
Also equation of chord of contact LM is
Ox + 8y — r% =0

PN = length of 1 lar from P to LM

_36+64-r7 10077
J36+64 10

Now in rt. APLN, LN? = PL® — PN®

_(00-7% _ 100y v 10072

100 100 10
Mg_\“"’;’—’z (+ LM = 2 LN)

- Area of APLM = ; x LM x PN

3
2
=1x;—+ﬁ|l'1|::u::u—z-2 (0072 10y 200
2 5 10 100

For max value of area, we should have

i _

0
dr

3 1
= ﬁ {lm—r2}2+r_%{lm—r2}3(—2r}]=ﬂ
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1
= (100-r%)2[100-7% -3r2]=0
=r=100rr=5
But r = 10 gives length of tangent PL = 0

~ T #10. Hence, r =5

Q.23. Find the equation of circle touching the line 2x + 3y + 1 =0 at (1, — 1) and
cutting orthogonally the circle having line segment joining (0, 3) and (-2, -1) as
diameter. (2004 - 4 Marks)

Ans. Sol. We are given that line 2x + 3y + 1 = 0 touches a circle S=0 at (1, — 1).\

So, eq" of this circle can be given by (x —1)> + (y + 1)2 + A2x + 3y + 1) = 0.
[Note : (x —1)2 + (y + 1)? = 0 represents a pt. circle with centre at (1, —1)].
or X2+y?+2x(A-1D+yGBr+2)+(A+2)=0...(1)

But given that this circle is orthogonal to the circle, the extremities of whose
diameter are (0, 3) and (- 2, — 1)

e x(x+2)+(y-3)(y+1)=0
X2+y?+2x -2y —-3=0......... (2)
Applying the condition of orthogonality for (1) and (2), we

3n+2
) ]_(—1}=:&,+2+{—3}

get 200 -1).1+2 (

[2g180 + 2f1f5 = ¢4 + c3]
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=2Ai-2-3h—2=A-1

-3
= 2=-3 = )=
2

Substituting this value of A in eq™ (1) we get the required circle as
2 sy 2yl
12_+_]r _ 5x 2_1.r+2 0

or,2x” + 2y~ — 10X — 5y + 1= 0

Q.24. Circles with radii 3, 4 and 5 touch each other externally. If P is the point of
intersection of tangents to these circles at their points of contact, find the distance
of P from the points of contact. (2005 - 2 Marks)

Ans. Sol. Given these circles with centres at C1, C2 and Cs and with radii 3, 4 and 5
respectively, The three circles touch each other externally as shown in the figure.

P is the point of intersection of the three tangents drawn at the pts of contacts, L, M
and N. Since lengths of tangents to a circle from a point are equal, we get

PL =PM =PN

Also PL L CiC,, PM 1 C,Cs, PNL C1Cs

(Q tangent is perpendicular to the radius at pt. of contact)

Clearly P is the incentre of AC1C,Cs and its distance from pt.of contact i.e.,
PL is the radius of incircle of AC1C,Cs.

In AC1C,Cssidesarea=3+4=7,b=4+5=9,c=5+3=8
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PL1 GG, .PM 1C,C5.PN L GG

a+b+c
5= =
2

12

A= s(s—a)(5-b)(5—c) = JT2x5x3=4 =125
A_1245

T AN

5 12
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Integar Type ques of Circle

Q.1. The centres of two circles C1 and Czeach of unit radius are at a distance of 6
units from each other. Let P be the mid point of the line segement joining the
centres of C: and Czand C be a circle touching circles C; and C; externally. If a
common tangent to C; and C passing through P is also a common tangent to

C. and C, then the radius of the circle C is (2009)

Ans. (8)

Sol. Let r be the radius of required circle.

Clearly, in AC:CC,, C1C =CC =r+1

and P is mid point of C1C>

~ CP 1 CiC;

Also PM 1 CC;

Now APMC1 ~ACPC: (by AA similarity)

MG _ PG
PG CqG

= 3= =r +1=9g=r= 8.

Q.2. The straight line 2x — 3y = 1 divides the circular region x? + y> < 6 into two
parts.
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If 5~ {(Z’ﬂ(;i][i_ﬂ[;ﬂ} then the number ofpoints (s) in S lying inside the
smaller partis (2011)

Sol.
The smaller region of circle is the region given by x2 + y? <6 ...(1)

and 2x — 3y > 1 ...(2)

Fa

v ¥
. . 3 1 1
We observe that only two points [2,1] and [E’_E]

satisfy both the inequations (1) and (2)

~. 2 points in § lie inside the smaller part.

Get More Learning Materials Here : & m &N www.studentbro.in



	1. Fill Ups of Circle.pdf (p.1-11)
	2. True False of Circle.pdf (p.12)
	3. Subjective questions of Circle.pdf (p.13-40)
	4. Integar Type ques of Circle.pdf (p.41-42)

